Abstract: The analogue of the McKay-Thompson series for the proposed Mathieu group action on the elliptic genus of K3 is analysed. The corresponding NS-sector twining characters have good modular properties and satisfy remarkable replication identities. These observations provide strong support for the conjecture that the elliptic genus of K3 carries indeed an action of the Mathieu group M 24 .
Introduction and summary
Recently, Eguchi, Ooguri and Tachikawa [11] have observed that the elliptic genus of K3 seems to carry an action of the Mathieu group M 24 . More specifically, they noticed that the expansion coefficients of the elliptic genus of K3, when written in terms of the elliptic genera of N = 4 superconformal representations, can be expressed in terms of dimensions of Mathieu group representations. This intriguing observation is very reminiscent of the famous observation of McKay and Thompson who found that the Fourier expansion coefficients of the J-function can be written in terms of dimensions of representations of the Monster group. This led to a development that is now usually referred to as 'Monstrous Moonshine', see [18] for a nice review. One of the upshots of this analysis is that the J-function can be thought of as the partition function of a self-dual conformal field theory, the 'Monster conformal field theory' [3, 16] , whose automorphism group is precisely the Monster group.
Unlike the situation of the Monster group, the dimensions of the Mathieu group are rather small, and thus there is a certain amount of arbitrariness in the above observation regarding the elliptic genus of K3. It would therefore be very interesting to subject this proposal to some more stringent tests. In the context of Monstrous Moonshine, one of the tests concerned the so-called McKay-Thompson series [21] . They are obtained from the J-function by replacing the dimensions of the Monster group representations by their characters with respect to a Monster group element. (In retrospect, they are the 'twining characters', where one inserts into the partition function of the Monster conformal field theory a Monster group element.) It was observed early on by Conway & Norton that these McKay-Thompson series have nice modular properties and satisfy remarkable replication identities [5] . The former identities have a natural interpretation in terms of standard orbifold arguments [22] , while the latter can be obtained by considering the twining characters for the symmetric power theories (as follows from our analysis in section 3.2).
In this paper we study the analogues of the McKay-Thompson series for the case of K3, i.e. the twining elliptic genera where we insert a Mathieu group element into the trace. Using the proposed decomposition of the coefficients of the elliptic genus in terms of Mathieu group representations, we can calculate the first few coefficients of these twining genera explicitly. As for the McKay-Thompson series, standard orbifold arguments suggest that they must have good modular properties. At least for the group elements of small order, these modular constraints are very constraining, and we can use them to determine the twining genera exactly. We furthermore show that they satisfy highly non-trivial replication identities, relating twining genera corresponding to different group elements to one another. The fact that all of this works out represents a very stringent consistency check for the proposal of [11] ; indeed, our analysis implies that one of the identifications of the coefficients in terms of Mathieu representation dimensions must be different to what was proposed in [11] . Our analysis thus gives strong support to the idea that the elliptic genus of K3 carries indeed an action of the Mathieu group M 24 . It furthermore suggests that this is in some sense the natural supersymmetric generalisation of Monstrous Moonshine to the case of M 24 . (A different proposal for the analogue of Monstrous Moonshine for M 24 was made some time ago in the context of self-dual bosonic conformal field theories by Dong & Mason [8] .)
The paper is organised as follows. In section 2 we recall some basic properties of elliptic genera and their modular properties. We also review how the elliptic genus of the symmetric power theory can be calculated in terms of the original elliptic genus. In section 3 we briefly describe the proposal of [11] , and then calculate the twining elliptic genera and their associated NS twining characters. We explain in detail which modular properties the latter should possess. Using this insight we then identify the twining characters for group elements of small order in terms of known theta functions (or standard McKay-Thompson series), see (3.14) . In section 3.2 we explain what replication formulae one should expect, and demonstrate in a large number of examples, that these identities are indeed satisfied for the twining characters of K3. Our conclusions and avenues for future research are described in section 4. We have relegated some of the more technical material to an appendix.
Elliptic genera and their modular properties
Let us begin by reviewing some standard material about elliptic genera and their Jacobi and modular properties. The elliptic genus of an N = 2 superconformal algebra is defined by
For the right-movers (whose modes are denoted by a bar), only the ground states contribute, and hence the above expression is in fact independent ofq. As is well-known [20] , the modularity properties of conformal field theory together with spectral flow invariance and unitarity imply that the elliptic genus is a weak Jacobi form of index m = c 6 and weight zero [14] . A weak Jacobi form φ(τ, z) of weight w and index m ∈ Z, with (τ, z) ∈ H × C, satisfies the transformation laws
2)
and has a Fourier expansion
with c(n, ℓ) = (−1) w c(n, −ℓ). For the case of K3 that will concern us primarily in this paper, the elliptic genus equals [10] φ K3 (τ, z) = 2y + 20 + 2y
where y = e 2πiz . For the following it will be convenient to rescale the elliptic genus by a factor of 1 2 , i.e. to define
which is then directly equal to the standard weak Jacobi form φ 0,1 . To understand the analogy with the bosonic Monster conformal field theory, it is useful to consider instead the NS-sector version of the elliptic genus, which is obtained by applying one half unit of spectral flow to the left-movers, i.e. l = l ′ = is familiar from the spectral flow automorphism
while the shift by l ′ = 1 2 is required so as to remove the (−1) F from the trace, in order to get the standard NS-sector partition function without an insertion of (−1) F . The resulting NS-sector partition function will always be denoted by
Using the transformation properties of a Jacobi form it follows easily that
In order to obtain a standard modular form (rather than a Jacobi form) we may then put z = 0; the resulting function (which we shall simply denote by χ(τ )) is non-trivial, and it has simple transformation laws under the congruence subgroup Γ θ = T 2 , S . For m even we have a strict modular function and for m odd we have a function with multiplier system given by −1 on the two generators [17] ,
For the case of K3 it is explicitly given as [17] 
Our conventions regarding the theta functions are described in the appendix. It should be noted that specialising to z = 0 in the NS-sector does not loose any information. Indeed, the NS character χ 1A (τ ) determines φ 1A (τ, 12) and using that the coefficient of the first term is simply the Witten index φ 1A (τ, 0) = 12.
On the other hand, this information determines the full elliptic genus via
Thus the knowledge of χ 1A (τ ) is equivalent to that of φ 1A (τ, z). The advantage of working with χ 1A (τ ) is that it is the natural supersymmetric analogue of the partition function of a bosonic conformal field theory for which Monstrous Moonshine was originally formulated.
Symmetric powers
For the following it will also be important to consider the symmetric powers of the K3 conformal field theory. Given any N = 2 superconformal field theory H, we can consider the symmetric power theory
where the generator π of Z p is the cyclic permutation of length p. We shall concentrate in the following on the case when p is prime; then all elements of Z p are cyclic permutations of cycle length p. Given the elliptic genus of the original H theory, we can then determine the elliptic genus of H (p) [6] . From the untwisted sector of the Z p orbifold we get the contribution φ
Here the first term is the elliptic genus without the insertion of any orbifold generator, while the second term gives the contributions coming from π l with l = 1, . . . , p − 1. Since each such π l is a cyclic permutation of order p, only the states of the form (u ⊗ u ⊗ · · · ⊗ u) contribute, and this leads to φ(pτ, pz) for each of these terms. There are (p − 1) twisted sectors, and each of them contributes the same, thus giving for the whole twisted sector 16) where the sum over l implements the orbifold projection in the twisted sector. Thus the elliptic genus of the symmetric power theory is (for p prime)
where H p denotes the action of the Hecke operator
It is well known that (2.17) is again a weak Jacobi form of index mp provided that φ(τ, z) has index m [6] . For example, this follows directly from the fact that the Hecke operator (2.18) maps weak Jacobi forms to weak Jacobi forms, see [14] . For our purposes, it is also convenient to rewrite (2.18) for the NS-sector character χ (p) (τ ). The result depends on whether p = 2 or p odd. For p = 2 we find
where χ(τ, z) is the NS-sector function defined in (2.8), while φ(τ, z) is the elliptic genus in the R-sector. In particular, the last expression is therefore actually a constant since φ(τ, 0) is the Witten index. The emergence of the R-sector as the 'twisted' sector of the NS-sector is familiar from standard Z 2 orbifold considerations. For the case of the K3 character the relevant formula is 1
The fact that the left-hand side can be expressed in terms of a polynomial of the original K3 character is a consequence of χ 1A (τ ) 2 being a Hauptmodul (without any multiplier system) for the congruence subgroup Γ θ . Since the left-hand is a modular form for Γ θ (without any multiplier system), it must therefore be a polynomial of χ 1 (τ ) 2 .
For p > 2 (recall that p is prime, and therefore now odd) the formula is instead
For the case of the K3 character we then find, for example for p = 3,
By the same token as above, this formula follows from the fact that the left-hand side is again a modular form (with multiplier system −1 on S and T 2 ) for Γ θ , and that the Hauptmodul for these is χ 1A (τ ). Because of the non-trivial multipler system of the lefthand-side the expression now only involves odd powers of χ 1A (τ ). We should note that these relations are the natural analogue of the replication formulae for the J-function, which read for p = 2 and p = 3
Here J(τ ) is the famous J-function
that plays a central role in Monstrous moonshine, see [18] for a nice review.
Mathieu symmetry and twining characters
The elliptic genus of K3 can be thought of as the partition function of the N = 2 half-BPS states of type II string theory on K3. It is suggested by the work of [11] that the space of these half-BPS states carries an action of the Mathieu group M 24 . Indeed, it was found in [11] , following on from earlier work [9] , that the elliptic genus of K3 can be written as
where ch N =4 h= 1 4 ,l=0
is the elliptic genus of the short N = 4 representation with h = 1 4 and l = 0 -see [12, 13] for an explicit formula -while
is the elliptic genus of a long N = 4 representation. 2 The observation of [11] was that the coefficients A n can be written in terms of dimensions of irreducible representations of the Note that, relative to [11] , we have absorbed the prefactor of 2 in [11, eq. (1.11)] into the definition of A n . Then we can write the A n in terms of real representations, i.e. sums of representations and their conjugate representations. Furthermore, for reasons that will be explained momentarily, our expression for A 7 differs from the decomposition suggested in [11] . We should mention though that while A 7 given in (3.4) is consistent with what is done below, it is not uniquely specified by this.
Explicit formulae for the twining characters
Obviously, as is apparent from the last comment, there is much arbitrariness in these decompositions, and they are only a suggestive hint of some underlying deeper structure. The main aim of this paper is to subject this proposal to a much more refined test. To this end we shall study the corresponding 'twining genus', i.e. the analogues of the McKayThompson series in the case of Monstrous Moonshine. This is to say, we shall calculate not just the elliptic genus itself, but the elliptic genus with the insertion of a group element
Technically speaking, the calculation of φ g differs from φ by replacing A n in (3.1) by the characters of g in the representations described in (3.3) . Obviously, the character of g only depends on its conjugacy class, and thus all the information we need is contained in the character table of M 24 that is included in the appendix. One immediate problem with this approach is that we only know how to write A n in terms of dimensions of representations of M 24 for the first few values of n. We can therefore only directly determine the low powers of q of the twining genera φ g . If this was all there was to it, this would not be particularly interesting, and it would certainly not lead to any non-trivial consistency check of the proposal. The reason why interesting information can be obtained in this manner is that the twining genera must have fairly specific modular properties. One way to see this explicitly is to translate the R-sector series φ g (τ, z) into the NS-sector as in (2.8), and set z = 0. The resulting expression is the NS-sector twining character χ g (τ ), i.e. the character in the NS-sector with the insertion of the Mathieu group element g. Note that by the same arguments as above we are not loosing any information in doing so, because the analogues of (2.12) and (2.13) are
and
where now the constant term equals
Thus we can reconstruct the full twining genus φ g (τ, z) from the twining character χ g (τ ), and vice versa. In terms of the usual box notation, χ g (τ ) corresponds to
where the '−1's indicate that the trace is taken in the NS-sector, and without any insertion of (−1) F , respectively. Under a modular transformation it is believed that these twining and twisted characters transform as
For the case at hand, it therefore follows that the twining character corresponding to (3.9) is invariant (possibly up to some phase) under a modular transformation provided that
where o(g) is the order of the group element g. [Here we have used that the group operation is (
, where ǫ j ∈ {±1} and g i ∈ M 24 . We have furthermore used that the conditions in (3.11) together with the requirement that ad−bc = 1 imply that (a, o(g)) = 1. For the Mathieu group M 24 it then follows that g a is in the same conjugacy class as g.] The subgroup of SL(2, Z) that is characterised by (3.11) contains in particular
where Γ θ was introduced before, and
The property of a function to be modular invariant under Γ g (possibly up to some multiplier system) is a very strong condition, and knowing the first few terms usually determines the function uniquely. Thus the non-trivial consistency test we will be performing proceeds as follows. Using the low-lying decomposition (3.3), we can calculate the first few coefficients of the twining characters χ g (τ ) explicitly. On the other hand, we know that these functions must be invariant under Γ g , and thus there is the highly non-trivial consistency condition whether this ansatz can be completed in a Γ g -invariant manner. The results we find are consistent with A n given in (3.3) and (3.4), but not with the formula for A 7 suggested in [11] . They represent a highly non-trivial consistency condition for the conjecture of [11] that the elliptic genus of K3 carries an action by the Mathieu group M 24 .
The constraints coming from the modular properties are tighter the larger Γ g is, i.e. the smaller the order of the group element is. In particular, we should therefore expect to have good control over the twining characters corresponding to group elements of small order. Indeed, this turns out to be correct, and we have even found closed form expressions that match with the low lying coefficients and have the correct modular properties. More specifically, we find that -in the following the label refers to the conjugacy class of the Mathieu group element that is described in the appendix
-see eq. (2.11)
Our conventions for the Jacobi theta functions, and the first few coefficients of the power series expansions of the relevant McKay-Thompson series are given in the appendix. We have again normalised these functions so that they start with 1 · q In all cases we have explicitly checked that these functions are invariant under Γ g in (3.12) up to some multiplier system. The multiplier system is non-trivial in all cases since all twining characters transform as −1 under T 2 ∈ Γ g . In addition, χ 1A transforms as −1 under S (compare (2.9)), while χ 4C transforms as −i under ST 4 S. (We have not checked the precise form of the multiplier system for the class corresponding to 5A.)
The attentive reader will notice that (3.14) accounts for all twining characters of group elements up to order 6, except for the ones corresponding to 3B and 6B. While we have not managed to find any closed formulae for them -explicit formulae for the first few coefficients of their power series expansion are given in the appendix -we have an indi-rect argument that suggests that at least the twining character corresponding to 3B has good modular properties; this will be explained in the following section. We should also mention that some of these conjugacy classes are actually contained in M 23 -these are the conjugacy classes 1A, 2A, 3A, 4B, 5A, 6A -while the others (2B, 3B, 4A, 4C) lie only in M 24 but not in M 23 . These latter classes are characterised by the property that Tr 23⊕1 (g) = 0. For them the relation between the twining characters and the twining genera (see (3.6) and (3.7)) is therefore particularly simple, and we have
Thus for the elements in M 24 that are not in M 23 , the modular properties of φ g (τ, z) are a direct consequence of those of χ g (τ ). However, apart from this simplification, we do not see any difference between the behaviour of the elements that lie in M 23 and those that do not.
Replication formulae
One of the remarkable properties of the McKay-Thompson series in Monstrous Moonshine are their replication relations. They are a direct generalisation of the J-function replication identities (2.23) to the McKay-Thompson series. In the following we want to give a conformal field theoretic argument that suggests that similar relations should also hold for the twining characters of K3, and more specifically, what precise form they should take. Incidentally, if we applied the following argument to the Monster theory it would give a physics explanation of the replication identities of Monstrous Moonshine. The idea of the argument is very simple. If the N = 2 half-BPS spectrum of K3 carries an action of the Mathieu group M 24 , then the same will apply to the symmetric power theories where g ∈ M 24 acts diagonally on all p factors so as to commute with the orbifold action. But if this is so, then we can also consider the twining character corresponding to g ∈ M 24 for the p th symmetric power theory. Given our detailed understanding of the orbifold theory, we can determine how g acts on the various terms in (2.17) or indeed on the different terms in H p φ(τ, z). The first term corresponds to the untwisted sector contribution where the cyclic permutation generator has been inserted into the trace. This implies that only the states of the form (u ⊗ u ⊗ · · · ⊗ u) contribute. Inserting the diagonal group element g ∈ M 24 then leads to φ g p (pτ, pz). The other terms of H p φ(τ, z) come from the twisted sector, and the natural action of g ∈ M 24 is simply described by replacing φ by φ g . Thus we are led to claim that the twining genus for the Hecke part of the p th symmetric power theory is given by
Translated into the NS-sector characters we then have for p = 2
while for p > 2 the formula is
On the other hand, it is clear from the discussion around (3.12) that also these twining characters must be invariant under Γ g , possibly up to a (different) multiplier system. In the context of Monstrous Moonshine, the McKay-Thompson series were Hauptmoduls for the corresponding genus zero congruence subgroups, and thus the McKay-Thompson series of the symmetric power theories could be written as a polynomial of the original McKayThompson series. This then leads to the replication formulae of Monstrous Moonshine (generalising directly the J-function replication identities of (2.23)).
In the current context, it appears that the twining characters are not of genus zero, but we still find remarkable replication identities that give yet another consistency check on our analysis (and indicate that the twining characters corresponding to 3B and 7A=7B have indeed good modular properties). Specifically, we have found the following identities for p = 2
3A (τ ) = χ 3A 2τ,
3B (τ ) = χ 3B 2τ,
4C (τ ) = χ 2B 2τ,
5A (τ ) = χ 5A 2τ,
6A (τ ) = χ 3A 2τ,
7A (τ ) = χ 7A 2τ,
These identities imply recursion relations for the twining characters which one could use, say, to determine the twining character for 3B explicitly. Furthermore, since the McKayThompson series are known to have good modular transformation properties, the existence of these relations implies that the same must be true for the twining characters that appear here.
For p = 3 we have found the following explicit identities
while for p = 5 we have found
These are probably not the only identities that exist, but only those we have been able to find with our current partial understanding of the twining characters. Indeed, in order to be able to determine the higher order replication formulae, one needs to know the twining characters up to some fairly high level. Thus with our current understanding we can only check these identities for the twining characters given in (3.14).
Conclusions
In this paper we have provided strong evidence for the conjecture of Eguchi, Ooguri and Tachikawa [11] that the elliptic genus of K3 carries a natural action of the Mathieu group M 24 . In particular, we have shown that the elliptic genus with the insertion of a group element in M 24 leads, in the NS-sector, to a twining character that possesses nice modular properties. By considering the twining characters of symmetric power theories we have furthermore shown that the twining characters satisfy beautiful replication identities similar to those appearing for the McKay-Thompson series in Monstrous Moonshine. While the analogy of the twining characters with the McKay-Thompson series is quite striking, there are also marked differences: in the current context the twining characters are not Hauptmoduls for a genus zero congruence subgroup, and hence the replication relations contain also 'inhomogeneous' terms (for example the term proportional to T [12D] in (3.22) ).
So far we have only worked out about half of the twining characters in detail. In order to get a more complete understanding of the Mathieu action on the K3 elliptic genus, it would be very desirable to find closed form expressions for all twining characters. Probably some more refined techniques (rather than just guessing and confirming the answer) will be necessary; in particular, the techniques developed by Bantay & Gannon [1, 2] should be useful for this.
The above analysis suggests that the space of N = 2 half-BPS states of K3 carries an action of the Mathieu group M 24 . It is believed that these N = 2 half-BPS states form a subset of the quarter-BPS states (with respect to N = 4), for which the spectrum generating algebra is the so-called BPS-algebra of Harvey & Moore [19, 7] . The above group action on the spectrum then suggests that the Mathieu group M 24 should be (contained in) the automorphism group of that Borcherds algebra, in complete analogy to what happened for Monstrous Moonshine. It would be very interesting to explore this idea in more detail.
Note added: As this paper was being finalised, a preprint appeared arXiv:1005.5415 [4] that contains overlapping results with those of section 3.1 of the present paper.
A. Definitions
Our conventions for the Dedekind eta and the Jacobi theta functions are
(1 − q n ) (1 − yq n−1/2 )(1 − y −1 q n−1/2 ) . The theta functions ϑ a (τ ) are defined as ϑ a (τ ) ≡ ϑ a (τ, z = 0).
A.1 McKay-Thompson series
For completeness we give here the first few terms of the McKay-Thompson series that appear in our analysis Table 1 : The character table of the Mathieu group. The rows correspond to the characters, while the columns describe the different conjugacy classes, numbered from 1 to 26 as in [11] . The second line gives the name of the conjugacy class that is used throughout the paper, where the number is the order of any element in the class. Where appropriate the classes of some powers are given in the third and fourth row, but only the non-trivial cases are stated. Finally, e ± p = (−1 ± i √ p)/2.
